Gravitational Lensing and Einstein Rings Nguyen Thi Dung

1. Introduction

A direct consequence of special relativity is tlaaty sensible theory of
gravitation must predict that light bends in theinity of a gravity field. As a result,
light, or generally any electromagnetic radiati@mitted by a distant object and
travelling near a very massive object in the fooegd will appear to come from a
point away from the real source and produce effaaftsmirage and of light
concentration generally referred to as gravitafiterasing.

1.1 History

Henry Cavendish in 1784 and Johann Georg von Spldn&801 had pointed
out that Newtonian gravity might imply that stahtdends around a massive object. In
1911, Soldner's calculation was repeated by Emsteno noted in 1915, in the process
of completing general relativity, that the resudt anly half the correct value. He
became the first to calculate the correct valudifitt bending [1].

The first observation of light deflection was
performed by noting the change in position of sters
they passed near the Sun. In 1919, Sir Arthur
Eddington and his collaborators observed a totak so
eclipse allowing for such stars to be observed.
Observations were made simultaneously in the cities
of Sobral and Ceara (Brazil) and Sdo Tomé and
Principe (west coast of Africa). The result [2] read
the front page of most major newspapers and made
Einstein and his theory of general relativity world
famous. The measurement was repeated by a team
Figure 1. One of Eddingtor from the Lick Observatory in the 1922 eclipse, with
photographs of the 1919 so results that agreed with the 1919 results and bas b
ﬁgipi‘g ZSX%Zén;fngnnpgﬁﬁ‘zmgd repeated several timgs sir_1ce, most notably in_ 1973
success. a team from the University of Texas. Considerable

uncertainty remained in these measurements for
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almost fifty years, until observations started lgamade at radio frequencies. It was not
until the late 1960s that it was definitively shottat the amount of deflection was the
full value predicted by general relativity, and haif that number.

The phenomenon of gravitational lensing was firehtioned in 1924 by the St.
Petersburg physicist Orest Chwolson [3] and quiaatiby Einstein in 1936 [4,5]. In
his paper, he remarke®f course, there is no hope of observing this giraanon
directly. First, we shall scarcely ever approaclsgly enough to such a central line.
Second, the anglg will defy the resolving power of our instrumentdh this
statement, he refers to the need for a perfectrakégt to observe rings and Iiss the
so-called Einstein radius, the angular aperturghefring. Here, Einstein was only
considering the chance of observing rings produmedtars, which is low; however,
the chance of observing those produced by largesekesuch as galaxies or black holes
is higher since the angular size of an Einsteig mtreases with the mass of the lens.

Fritz Zwicky noted in 1937 that the effect coultbal galaxy clusters to act as
gravitational lenses. It was not until 1979 thas #ffect was confirmed by observation
of the so-called “Twin QSO” SBS 0957+561 (QSO stafmt Quasi Stellar Object,
more commonly referred to as quasar; the Twin Q&@been discovered accidentally
by D. Walsh, B. Carswell and R. Weymann using thit Reak National Observatory
2.1 m telescope) by Roger Lynds of the Nationali€p®Astronomy Observatories and
Vahe Petrosian of Stanford University who discodeg@&nt luminous arcs in a survey
of galaxy clusters. They published their findingsLlB86 without knowing the origin of
the arcs. In 1987, Genevieve Soucail of the TowouBbservatory and her
collaborators presented data of a blue ring-likacstire in Abell 370 and proposed a
gravitational lensing interpretation. J. Anthony sby of Bell Laboratories and
collaborators conducted the first cluster weak ile&analysis in 1990. Tyson et al.
detected a coherent alignment of the ellipticibéshe faint blue galaxies behind both
Abell 1689 and CL 1409+52 (Abell 1689, a galaxystéu in the constellation Virgo, is
one of the biggest and most massive galaxy clugters/n and acts as a gravitational
lens, distorting the images of galaxies that lieibe it). In 2006, David Wittman of the
University of California at Davis and collaboratgnsblished the first sample of galaxy
clusters detected via their lensing signals, inddpatly of previous knowledge about
them.
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In the 1980s, astronomers realized that the cormibmaf CCD imagers and
computers would allow the brightness of millionsstdrs to be measured each night. In
a dense field, such as the galactic centre or tagelfanic Clouds, many microlensing
events per year could potentially be found. Thi$ te efforts such as the Optical
Gravitational Lensing Experiment, or OGLE, whichsheharacterized hundreds of
such events.

1.2. General features

One commonly distinguishes between three types ravigtional lensing:
strong, weak and micro.

One talks of strong lensing

EINSTEIN RING An Einstein Ring is formed when
IMAGE the earth, lens and object are

perfectly aligned when there are easily Vvisible
distortions such as the formation of
Einstein rings, arcs, and multiple
images. In such cases, the source
and the lens are well defined.
Ideally, an Einstein ring occurs
when the lens and the source are
both spherical and exactly on the
light of sight of the observer (Figure

| 2). When the lens or the source is
" gt s otpeiest not spherical or when the alignment

Figure 2. Einstein rings in the case of perfecpjto 's not perfect, one observes multiple

and approximate (bottom) alignment of the sourcémages of the same source or partial
and of the lens on the line of sighithe observe.  arcs scattered around the lens. The

number and shape of these depends upon the retatsittons of the source, lens, and
observer, and the shape of the gravitational weh® lensing object.

One talks of weak lensing when the distortionshe&f background sources are
too small, say only a few percent, to allow foraamalysis in terms of single source-lens
pairs but sufficiently numerous to allow for a ®#tal analysis. What is then
observed is a preferred stretching of the backgtoobjects perpendicular to the
direction to the centre of the lens. By measurimg shapes and orientations of large
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numbers of distant galaxies, their orientations loaraveraged to measure the shear of
the lensing field in any region. This, in turn, cha used to reconstruct the mass
distribution in the area: in particular, the baakgrd distribution of dark matter can be
reconstructed. Since galaxies are intrinsicallypetial and the weak gravitational
lensing signal is small, a very large number obgs must be used in these surveys.
These weak lensing surveys must carefully avoidumber of important sources of
systematic error: the intrinsic shape of galaxies,tendency of a camera's point spread
function to distort the shape of a galaxy and #déncy of atmospheric seeing to
distort images must be understood and carefullgated for.

Finally, microlensing refers to cases where thecatfis too small to produce
visible distortions in shape, but the amount ofifigeceived from a background source
Is observed to change with time while the sourcses behind the lens. Microlensing
has been used to search for brown wharfs in oodevaluate their contribution to dark
matter and, more recently, to search for exoplangbsmuch success.

The lensing object may be stars in the Milky Wayoire typical case, with the
background source being stars in a remote galaxyin@another case, an even more
distant quasar. The effect is small, such thattlim case of strong lensing) even a
galaxy with a mass more than 100 billion times thfathe sun will produce multiple
iImages separated by only a few arc seconds. Galasyers can produce separations
of several arc minutes. In both cases the galaatelssources are quite distant, many
hundreds of megaparsecs away from our Galaxy.

Gravitational lenses act equally on all kinds cfoclomagnetic radiation, not
just visible light. Weak lensing effects are bestgdied for the cosmic microwave
background as well as galaxy surveys. Strong lehage been observed in radio and
X-ray regimes as well. If a strong lens producedtipla images, there will be a
relative time delay between two paths: that ispme image the lensed object will be
observed before the other image.

Gravitational lenses can be used to study the laokg source or the
foreground lens.

In the first case, they act as gravitational tedess, because they concentrate
the light from objects seen behind them, makingy iaint objects appear brighter,
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larger and therefore more easily studied. ReseesateCaltech have used the strong
gravitational lensing afforded by the Abell 2218gtkr of galaxies to detect the most
distant galaxy known at the time (February 15, 2@Bbugh imaging with the Hubble
Space Telescope. Objects at such distances wotldonmally be visible, providing
information from further back in time than otherevigossible. Similarly, microlensing
events can be used to obtain additional informadioout the source star. In addition to
the greater brightness, limb darkening can be nmedsduring high magnification
events. If the source star is part of a binaryesysthe orbital motion of the source can
sometimes be measured (called the xallarap effgctanalogy to parallax which is
caused by the orbital motion of the Earth).

Observations of gravitational lensing can also rbeeited to examine the lens
itself. Direct measurements of the mass in anyaemical object are rare, and always
welcome. Comparing mass and light typically invehassumptions about complicated
astrophysical processes. Gravitational lensingatiqularly useful if the lens is for
some reason difficult to see. Gravitational micnsieg can provide information on
comparatively small astronomical objects, such a®ACKMOs (for Massive
Astrophysical Compact Halo Object, such as browarisvor large planets) within our
own galaxy, or extrasolar planets (planets beytedsblar system). Strong and weak
gravitational lensing of distant galaxies by formgrd clusters can probe the amount
and distribution of mass, which is dominated byisible dark matter. The number of
strong gravitational lenses throughout the sky also be used to measure values of
cosmological parameters such as the mean densihatiér in the universe. Presently,
the statistics do not place very strong limits osrnological parameters, partly because
the number of strong lenses found is relatively Isrideak gravitational lensing can
extend the analysis away from these most massiusterts and, for example,
reconstruct the large-scale distribution of mashijclv is sensitive to cosmological
parameters.

1.3 Strong lensing

The most spectacular manifestation of strong lenss the formation of
Einstein rings, which occurs when the source (sagch galaxy or star), the lens (such
as another galaxy or a black hole) and observealayeed. The first complete Einstein
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ring, designate®1998+666 was discovered by collaboration between astronsmae

the University of Manchester and NASA's Hubble $paéelescope in 1998.

The angular size of an Einstein rin
is given by the Einstein radius. In radians |
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G is the gravitational constant,
M is the mass of the lens, Figure 3. Gravitational lensing geometry.
c is the speed of light,
d. is the observer-lens distance,
ds is the observer-source distance and
d s is the lens-source distance.

Note that over cosmological distance,s # d, — 4., in general.

Most rings have first been discovered in the radioge. Out of hundreds of
gravitational lenses, about half a dozen of them partial Einstein rings with
diameters up to an arc second. As either the massbdtion of the lenses is not
perfectly axially symmetrical, or the source, lemsd observer are not perfectly
aligned, Einstein rings are rarely perfect. A adilen of Einstein rings observed by the
Hubble Space Telescope is displayed in Figure 4.

Using the Hubble Space Telescope (HST), a doubtehras been found (Figure
5), arising from the light from three galaxies @tances of 3, 6 and 11 billion light
years. Such rings help in understanding the digiob of dark matter, dark energy, the
nature of distant galaxies, and the curvature efuthiverse. The odds of finding such a
double ring are 1 in 10,000.
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J073728.45+321618.5 J095629.77+510006.6 J120540.43+491029.3 J125028.25+052349.0

J140228.21+632133.5 J162746.44-005357.5 J163028.15+452036.2 J232120.93-093910.2

Einstein Ring Gravitational Lenses Figure 4. A collection of
Hubble Space Telescope « Advanced Camera for Surveys Einstein rings observed thithe

NASA, ESA, A. Bolton (Harvard-Smithsonian CfA), and the SLACS Team STSCI-PRC05-32 Hubble Space Te|escope_

Daouble Einstein Ring SDSSJ0946+1006 Hubble Space Telescope = ACS/WFC

WASA, ESA, R. Gavazzi and T. Treu (University of California, Santa Barbara), and the SLACS Team STS::I—PF{CGS—t}:l

Figure 5. SDSSJ0946+1006 is a Double Einstein Rirgdit:
HRT/NAQK QUL
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Figure 6. Examples of multiple images: the Einstgoss (left) and the Twin QSO
(riaht).

Another manifestation of strong lensing is the fation of multiple images.
The Einstein CrosQ2237+030) is a gravitationally lensed quasar that sitsaliye
behindZW 2237+030 Huchra's Lens. Four images of the same distaasajuappear
around a foreground galaxy due to strong graviafidensing (Figure 6). The quasar
is located about 8 billion light years from Eantthile the lensing galaxy is located at a

Gravitational Lenses HST - WFPC2

PRC95-43 - ST Scl OPO - October 18, 1995 - K. Ratnatunga (JHU), NASA

Figure 7. Other examples of multiple images seeH®Y,
8
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distance of 400 million light years. The appardantehsion of this galaxy is 0.87x0.34

arc minutes, while the apparent dimension of tlesiin its centre accounts for only
1.6x1.6 arc seconds. The Einstein Cross can balfouRegasus. Further examples of
multiple images revealed by the HST are shown guriéi 7.

1.4 Weak lensing

While the presence of any mass bends the pathgbf passing near it, this
effect rarely produces the giant arcs and multipleges associated with strong
lensing. Most lines of sight in the universe ar¢hie weak lensing regime, in which the
deflection is impossible to detect in a single lgmokind source. However, in such
cases, the presence of the foreground mass caetbeted by way of a systematic
alignment of background sources around the lenakWjeavitational lensing is thus an
intrinsically statistical measurement, but it paes a way to measure the masses of
astronomical objects without requiring assumpticasout their composition or
dynamical state.

The effect of gravitational lensing can be splibitwo terms, the convergence
and shear. The convergence term magnifies the baakd objects by increasing their
size, and the shear term stretches them tanggnéiedund the foreground mass. To
measure the tangential alignment, it is necessargnéasure the ellipticities of the
background galaxies and construct a statisticanast of their systematic alignment.
The fundamental problem is that galaxies are ndtingically circular, so their
measured ellipticity is a combination of their insic ellipticity and the gravitational
lensing shear. Typically, the intrinsic ellipticitg much greater than the shear (by a
factor of 3-300, depending on the foreground ma$ke measurements of many
background galaxies must be combined to averagendiws “shape noise”. The
orientation of intrinsic ellipticities of galaxiethould be almost entirely random, so any
systematic alignment between multiple galaxiesgeamerally be assumed to be caused
by lensing.

Another major challenge for weak lensing is coigettfor the point spread
function (PSF) due to instrumental and atmospheffects, which causes the observed
images to be smeared relative to the “true sky'is Bmearing tends to make small
objects more round, destroying some of the informnadibout their true ellipticity. As a
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further complication, the PSF typically adds a drieadel of ellipticity to objects in the
image, which is not at all random, and can in fathic a true lensing signal. Even for
the most modern telescopes, this effect is uswllgast the same order of magnitude
as the gravitational lensing shear, and is oftemhrarger. Correcting for the PSF
requires building a model for how it varies acrdss field. Stars in our own galaxy
provide a direct measurement of the PSF, and tbasebe used to construct such a
model, usually by interpolating between the pointgere stars appear on the image.
This model can then be used to reconstruct thee™tallipticities from the smeared
ones. Angular diameter distances to the lenseshankiground sources are important
for converting the lensing observables to physjcatieaningful quantities. These
distances are often estimated using known redsHieshift information is also
important in separating the background source @b from other galaxies in the
foreground, or those associated with the mass nssigle for the lensing.

Of particular interest is the case of galaxy clisstevhich are among the largest
gravitationally bound structures in the Univeragrpassed only by superclusters, with
approximately 80% of cluster content in the formdairk matter. The gravitational
fields of these clusters deflect light-rays trawgjl near them, possibly causing
dramatic distortions by strong lensing, such adtiplalimages, arcs, and rings (Figure
8).

Figure 8. A distant galaxy lensed by Cluster AB21l8

10
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More generally, the effect causes small, but siedibky coherent, distortions of
background sources on the order of 10% by wealrigns

The projected mass density can be recovered framnteasurement of the
ellipticities of the lensed background galaxies. wdger, a mass distribution
reconstructed without knowledge of the magnificasoiffers from a limitation known
as the mass sheet degeneracy. It can be lifted asimndependent measurement of the
magnification. The cluster centre is determined Uming a reconstructed mass
distribution or optical or X-ray data. Knowledgetbt lensing cluster redshift and the
redshift distribution of the background galaxiesaiso necessary. Individual mass
estimates from weak lensing can only be derivedifermost massive clusters, and the
accuracy of these mass estimates are limited Gggirons along the line of sight.

Cluster mass estimates determined by lensing dvahe because the method
requires no assumption about the dynamical statetanr formation history of the
cluster. Lensing mass maps can also potentiallyealevdark clusters,” clusters
containing overdense concentrations of dark matierelatively insignificant amounts
of normal matter. Comparison of the dark mattetritigtion mapped using lensing
with the normal matter distribution mapped usingiagd and X-ray data reveals the
interplay of the dark matter with the stellar ara$ gomponents. A notable example of
such a joint analysis is the so-called Bullet GlugFigure 9).

Another interesting case of weak (and occasiorstligng) lensing is galaxy-
galaxy lensing in which the foreground object respble for distorting the shapes of
background galaxies is itself an individual galdag opposed to a galaxy cluster). It
produces shear correlations of ~1%, weaker thasigmal due to cluster lensing.

J.A. Tyson and collaborators had first postulatesl concept of galaxy-galaxy
lensing in 1984, but the observational resultsheifrtstudy were inconclusive. It was
not until 1996 that evidence of such distortion weagatively discovered, with the first
statistically significant results not published iltthe year 2000. Since those initial
discoveries, the construction of larger, high resoh telescopes and the advent of
dedicated wide field galaxy surveys have greatlgransed the observed number
density of both background source and foregrouns ¢mlaxies, allowing for a much

11
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Figure 9. Image of the Bullet Cluster from the Higo8pace Telescope with total
mass contours (dominated by dark matter) from gitenanalysioverlaid.

more robust statistical sample of galaxies, makimg lensing signal much easier to
detect. Today, measuring the shear signal dueléxyggalaxy lensing is a widely used
technique in observational astronomy and cosmolofign used in parallel with other
measurements in determining physical charactesisfidoreground galaxies.

Due to the relatively low mass of field lenses dinel inherent randomness in
intrinsic shape of background sources, the sighahpossible to measure on a galaxy
by galaxy basis and must be obtained by combirtiegsignals of many individual lens
measurements together (a technique known as “s@igkiGalaxy-galaxy lensing is
used to measure galaxy mass density profiles (fhmrcentral cores of galaxies where
normal matter dominates to the outer halo wher& daatter dominates). Comparing
the measured mass to the luminosity in a spedifer fgalaxy-galaxy lensing can also
provide insight into the mass to light ratios dldi galaxies. Galaxy mass evolution
can also be studied by restricting the lens sawipdegalaxy-galaxy lensing study to lie
at only one particular redshift. Finally, gravitetal lensing by large-scale
structure also produces an observable patterngsfraénts in background galaxies, but

12
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this distortion is only ~0.1%-1% - much more sulttian cluster or galaxy-galaxy

lensing. It was not until 2000 that four indepertdgmoups published the first

detections of cosmic shear. Subsequent observdtaves started to put constraints on
cosmological parameters that are competitive witlelocosmological probes.

Weak lensing also has an important effect on thesn@io Microwave
Background (CMB) and diffuse 21 cm line radiation.

1.5 Microlensing

Microlensing is caused by the same physical effscstrong lensing and weak
lensing, but it is studied using very different ehational techniques. In strong and
weak lensing, the mass of the lens is large enéugthe displacement of light by the
lens to be resolved with a high-resolution telescaguch as the HST. With
microlensing, the lens mass is too low (a planed star) for the displacement of light
to be observed easily, but the apparent brighteofrtbe source may still be detected.
In such a situation, the lens will pass by the seun a reasonable amount of time,
seconds to years instead of millions of years. esalignment changes, the source's
apparent brightness changes, and this can be manhito detect and study the event.
Thus, unlike with strong and weak gravitationalses, a microlensing event is a
transient phenomenon. Unlike with strong and weasihg, no single observation can
establish that microlensing is occurring. Insteadé tise and fall of the source
brightness must be monitored over time using phetomThe function of brightness
versus time is known as a light curve. A typicatmlensing light curve (Figure 10)
has a very simple shape, and only one physicalnpetea can be extracted: the time
scale, which is related to the lens mass, distaand, velocity. There are several
effects, however, that contribute to the shape ofenatypical lensing events. If the
lens mass is not concentrated in a single poimt,littht curve can be dramatically
different and may exhibit strong spikes in the figbrve, as can be seen when the lens
is a binary star or a planetary system. In extrgnimight or quickly changing
microlensing events, the source star cannot béettess an infinitesimally small point
of light: the size of the star's disk matters. Eeents

13
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Figure 10. A typical microlensing event (OGLE, 2005

lasting for months, the motion of the Earth arotimel Sun can cause the alignment to
change slightly, affecting the light curve.

Most focus is currently on the more unusual miarsieg events, especially
those that might lead to the discovery of extraisplanets (so-called exoplanets). In
practice, because the alignment needed is so preaml difficult to predict,
microlensing is very rare. Events, therefore, aregally found with surveys, which
photometrically monitor tens of millions of potealtisource stars, every few days for
several years. Dense background fields suitablesdoh surveys are nearby galaxies,
such as the Magellanic Clouds and the Andromedaxgabnd the Milky Way bulge.
In each case, the lens population studied comptisesbjects between Earth and the
source field: for the bulge, the lens populatiorthe Milky Way disk stars, and for
external galaxies, the lens population is the Mgy halo, as well as objects in the
other galaxy itself. The density, mass, and locata§ the objects in these lens
populations determine the frequency of microlensfang the line of sight, which is
characterized by a value known as the optical ddpthto microlensing. The optical
depth is, roughly speaking, the average fraction source stars undergoing
microlensing at a given time, or equivalently tlielgability that a given source star is
undergoing lensing at a given time. The MACHO projiound the optical depth
toward the LMC to be 1.2xI0or about 1 in 8,000,000, and the optical depthatow
the bulge to be 2.43x1%or about 1 in 400,000.

Complicating the search is the fact that for evaar undergoing microlensing,
there are thousands of stars changing in brightimessther reasons (about 2% of the

14
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stars in a typical source field are naturally vialeastars) and other transient events
(such as novae and supernovae), and these mustekded out to find true
microlensing events. After a microlensing eventpmgress has been identified, the
monitoring program that detects it often alerts tbenmunity to its discovery, so that
other specialized programs may follow the event eniotensively, hoping to find
interesting deviations from the typical light curvihis is because these deviations —
particularly those due to exoplanets — require lyauonitoring to be identified, which
the survey programs are unable to provide whilké stiarching for new events. The
question of how to prioritise events in progress detailed follow-up with limited
observing resources is very important for microllegsesearchers today.

Gravitational lensing was first observed in 1979the form of a quasar lensed
by a foreground galaxy. That same year, Kyongaen@laad Sjur Refsdal showed that
individual stars in the lens galaxy could act aslten lenses within the main lens,
causing the source quasar's images to fluctuata timescale of months. Bohdan
Paczyski first used the term “microlensing” to descrthes phenomenon. This type of
microlensing is difficult to identify because oftimtrinsic variability of quasars, but in
1989 Mike Irwin and collaborators published detmctof microlensing in Huchra's
Lens.

In 1986, Paczyski proposed using microlensing to look for darktterain the
form of massive compact halo objects (MACHOSs) ia thalactic halo, by observing
background stars in a nearby galaxy. Two grouppasticle physicists working on
dark matter heard his talks and joined with astnoeis to form the Anglo-Australian
MACHO collaboration and the French EROS collaboratiln 1991 Paczski
suggested that microlensing might be used to fladeis, and in 1992 he founded the
OGLE microlensing experiment, which began searchamgevents in the direction of
the Galactic bulge.

The first two microlensing events in the directioh the Large Magellanic
Cloud that might be caused by dark matter werertegon back to back Nature papers
by MACHO and EROS in 1993, and in the following sgaevents continued to be
detected. The MACHO collaboration ended in 199%iiT Hata refuted the hypothesis
that 100% of the dark halo comprises MACHOs, butytifound a significant
unexplained excess of roughly 20% of the halo makssh might be due to MACHOs
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or to lenses within the Large Magellanic Cloud [tsEROS subsequently published
even stronger upper limits on MACHOs. Despite radviag the dark matter problem,

microlensing has been shown to be a useful toohfany applications. Hundreds of
microlensing events are detected per year towaed Glalactic bulge, where the
microlensing optical depth (due to stars in theaGéd disk) is about 20 times greater
than through the Galactic halo. In 2007, the OGLigjqet identified 611 event

candidates, and the MOA project (a Japan-New Zdatatiaboration) identified 488

(although not all candidates turn out to be miarsieg events, and there is a
significant overlap between the two projects). tldidon to these surveys, follow-up
projects are underway to study in detail potentiaiteresting events, primarily with

the aim of detecting extra solar planets.

In typical microlensing events, the Einstein radissso small that it is not
generally observed, but it can be observed in sextreme events as described below.

During a microlensing event, the brightness of soairce is amplified by a
factor A, which is expressed as a function of aafigionless number;, defined as the
angular separation of the lens and the source alivity the Einstein radius, as shown
below:

u? 4 2
uv u? 4 4

This function has several important propert#@) is always greater than unity,
so microlensing can only increase the brightneseetource star, not decreasé\{u)
always decreases asincreases, so the closer the alignment, the lagihte source
becomes. Aai approaches infinityA(u) approaches 1, so that at wide separations,
microlensing has no effect. Finally, asapproaches 0A(u) approaches infinity as the
images approach an Einstein ring. For perfect algmt (0 = 0), A(u) is theoretically
infinite. In practice, finite source size effectsliwset a limit to how large an
amplification can occur for very close alignmentt Isome microlensing events can
cause a brightening by factors of hundred.

Alu) =

Unlike in strong or weak lensing, where the lensaigalaxy or cluster of
galaxies, in microlensing changes significantly in a short period of timbeTelevant

16



Gravitational Lensing and Einstein Rings Nguyen Thi Dung

time scale is called the Einstein tifig and is given by the time it takes the lens to
traverse an angular distance of one Einstein raéiostypical microlensing events,
is on the order of a few days to a few months.

L —1y

le

u(t) — V/ 2, 4 (

)z
The minimum value ofii, called u., determines the peak brightness of the
event.

In a typical microlensing event, the light curvewsll fit by assuming that the
source is a point, the lens is a single point masd, the lens is moving in a straight
line. In these events, the only physically sigmfit parameter that can be measured is
the Einstein timescalg. Since this observable is a degenerate functiotheflens
mass, distance, and velocity, one cannot deterthiese physical parameters from a
single event. However, in some cases, events canalgsed to yield the additional
parameters of the Einstein angle and parallax.  nedude very high magnification
events, binary lenses, parallax and xallarap eyvantsevents where the lens is visible.

Although the Einstein angle is too small to be disevisible from a ground-
based telescope, several techniques have beerspbfmobserve it.

In rare cases, when the lens passes directly it &bthe source star, the finite
size of the source star becomes an important paeamhese measurements require
an extreme alignment between source and lens.

If the lens is a binary star with separation ofgloly the Einstein radius, the
magnification pattern is more complex than in timgle star lenses. In this case, there
are typically three images when the lens is dishamh the source, but there is a range
of alignments where two additional images are eaalhese alignments, known as
caustics produce very high magnifications and may some tr@ used to measure the
Einstein radius.

In principle, the Einstein parallax can be measul®d two observers
simultaneously observing the event from differestdations, e.g. from the earth and
from a distant spacecraft, and comparing the armoatibns that they observe. Such a
direct measurement was recently reported usingSihiezer Space Telescope. More
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typically, the Einstein parallax is measured frdra hon-linear motion of the observer
caused by the rotation of the Earth about the 8uwmas first reported in 1995 and has
been reported in a handful of events since.

If the source star is a binary star, then it toth Rdave a non-linear motion which
can also cause slight, but detectable changesihgiht curve. This effect is known as
Xallarap (parallax spelled backwards).

If the lensing object is a star with a planet ongtit (Figure 11), this is an
extreme example of a binary lens event. If the @®warosses a caustic, the deviations
from a standard event can be large even for lonsméets. These deviations allow
one to infer the existence and determine the madssaparation of the planet around
the lens. Deviations typically last a few hoursaofew days. Because the signal is
strongest when the event itself is strongest, Inngigmification events are the most
promising candidates for detailed study. Typicall, survey team notifies the
community when they discover a high-magnificatiorerg in progress. Follow-up
groups then intensively monitor the ongoing evloping to get good coverage of the
deviation if it occurs. When the event is over, light curve is compared to theoretical
models to find the physical parameters of the syst€he parameters that can be
determined directly from this comparison are thessnatio of the planet to the star,
and the ratio of the star-planet angular separdtothe Einstein angle. From these
ratios, along with assumptions about the lens #tarmass of the planet and its orbital
distance can be estimated. The first success ®tdébhnique occurred in 2003 by both
OGLE and MOA of the microlensing event OGLE 2003-&1{235 (or MOA 2003-
BLG-53). Combining their data, they found the masly planet mass to be 1.5 times
the mass of Jupiter. As of January 2011, elevemplarets have been detected by this
method. Notably, at the time of its announcementanuary 2006, the planet OGLE-
2005-BLG-390Lb probably had the lowest mass of kngwn exoplanet orbiting a
regular star, with a median at 5.5 times the méaskeoEarth and roughly a factor two
uncertainty. This record was contested in 2007 lgs@ 581 ¢ with a minimal mass of
5 Earth masses, and since 2009 Gliese 581 e Igtitest known "regular”" exoplanet,
with minimum 1.9 Earth masses. Figure 12 illussdte progress achieved.

Comparing this method of detecting extrasolar g&mweth other techniques
such as the transit method, one advantage isitbamtensity of the planetary deviation
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does not depend on the planet mass as strongliyez$sen other techniques do. This
makes microlensing well suited to finding low-madanets. One disadvantage is that
follow-up of the lens system is very difficult aftdhe event has ended, because it takes
a long time for the lens and the source to be @dfitly separated to resolve them
separately.

Gravitational Microlensing

N
11
‘ Source

Siar

Figure 11. Detection of exoplanets by gravitational
microlensing

— - ;

90 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010

Figure 12. Exoplanets discovered using microlengmnygyear,
through 2010-01
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2. Theoretical basis
2.1 Special relativity

A brief reminder of the bases of special relativéiynecessary to introduce what
it implies when dealing with gravitation. Unlesshetwise specified we use natural
units wherei = ¢ =1.

The basis of special relativity is the so-callethtreity principle according to
which the laws of nature are the same in two framemiform movement with respect
to each other, usually referred to as inertial #anThe movements in two such frames
are related by the so-called Lorentz transformation

Lorentz transformations alor@x read { andz being unchanged)
X'= x coshu + t sinhu
t' = x sinha + t coshu

The systensin whichx andt are measured moves along #axis, which is the
same as thg' axis, with velocityp=tanha measured in the syste®i wherex’ andt’
are measured.

In S’ two events measured at a same tingve
(X1—%) sinha + (t,— t,) coshw =0 and therefore
X' 1=X'5» =(X1—X%o) coslu +(t1—ty) sinhu
= (X;—%) (coshx — sintfa/coshy)
= (X;—X) /coslu.
Namelydistances appear to beontracted by a factor =coshu =1/N(1-4?).
On the contrary, two events measured at a samgdoocan Sgive

t'—t'> = (t;—t) coslw . Namelytime differences appear to balilated by the same
factory.

This result is not as trivial as it may sound, amight seem to introduce an
asymmetry betwee8 andS’. Superficially, one might think that distances saad in
S will appear dilated with respect ® and that time differences measuredSiwill
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appear contracted, but it is not true of courses the measurement process that is not
symmetric: to measure a distance in the fixed frgmecompare two events that occur
at the same time in the fixed frame while to measurtime difference in the fixed
frame you compare two events that occur at the dacaion in the moving frame. It

Is important to have well understood this someveghditle difference.

As expiia)=cos@)tisin(e), cos@)={exp(ia)+exp(—in)}/2=cosh(ix) and
sin(a)={exp(ia)—exp(—ix)}/2i=—isinh(ia). The Lorentz transformation may therefore be
rewritten, replacingcoshux by cos(—t)andsinh) by isin(—ia)

X'= X cos(i) — it sin(i &)
it = x sin(ia) + it cos (i)

A Lorentz transformation is therefore a rotation dy angleia in the (X, it)
plane. In the same way as a rotation in ¢kg) plane leavesé+y? invariant, the
Lorentz transformation leaveg+(it)>=x’-t invariant. And in the same way as the
rotation by an angle simply increases the polar angleof the vector(x,y) by a, the
Lorentz transformation increases hythe equivalent of), which can be written as
atan (it/x)=iargth(t/x) The guantityargth (t/x) which increases by in the Lorentz
transformation, may also be writteteln {(t+x)/(t—x)}. When referred to the energy-
momentum four vector, this quantity is callegbidity.

If a velocity v,=dx/dt parallel toOx is measured iy, the velocityv,/=dx’/dt’
measured inS’ is (dx cosl+dtsinha)/(dx sintw+dt coshu)=(v,+p)/(1+pv,). One
recognizes here the law of addition @ih the product of two rotations being a
rotation by the sum of the rotation angles. Whateyel andf<1, v, is still atanh
and always smaller than 1: the light velocity canp® exceeded by adding velocities
that are themselves smaller than the light veloditgwever one may conceive the
existence of particles having velocities largemtltae light velocity, such particles
have received a nam&chyons even though no evidence for them has ever been
found. If a velocityv,=dy/dt normal toOx is measured ir§, the velocityv,'=dy’/dt’
measured i1%’ is dy/(dx sinla+dt coshw)=v,/[y(1+pv)]. Note thatvy'/v,'=v /[ y(v+S)]

! Indeedtanh(¥2In {(t+x)/(t=x)})
={exp[Y2n{(t+X)/(t—x)]-exp[—Y2In{t+x)/(t—x) i {exp[An{(t+X)/ (t—x)]+exp[-¥aIn{t+X)/(t=X)]} ={ V(t+X)/(t=X)—
N(E=x)/ () VN (3] (E=X)+N (=X (t4+X) Y= (t+X—t+X) (X H=X) =X/t .
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andv'>=v’ 2+V' P2 (Vi G+ 2 Vi BV BV (1+A)?. Writing V=v,2+v,”  we  find
v'2-1=(V*—=1)(1-89)/(1+pv)? In particular, asv’>~1 and V-1 have the same sign,
velocities smaller than the light velocity remamandv=1 impliesv'=1.

Finally, let us recall that energg and momentunmp form a four vector,
implying that E>-p?=m? m being the rest mass of the particle, a scalarrajpidity
(measured alon@x), as was already said,\yis%2In {(E+p,)/(E—p)}. The leading terms
of the development ofE and p are

E=m+%2mV andp=mv. Ag ol e
2.2 Gravity of photons

The idea that gravity can be described S h Iy S’ as a
as a geometric property of space-time rather than
than as a dynamical process is at the root of
general relativity. It makes an elegant use of RY = the
a remark — which was made at Galileo time but

but had not yet been made use of — that  Figure 13. Gravity of photons

masses fall in the same way in a gravity

field. In Newtonian language this implies that thertial and gravitational masses are
equaf and are irrelevant to energy conservation: both ghavity potential and the
kinetic energy are proportional to it. The extensaf the relativity principle from
inertial frames to free falling frames allows fa¥sgribing locally, in any small space-
time domain, the gravity field by an adequate amedion given to the free-falling
frame. Without going much further into the mathdostmplied by these statements,
one can deduce a host of important consequencebibguthe need for a revision of
our concepts of space and time and for giving wgcisp relativity, retaining it only
locally.

% The first accurate measurement of the equalitihefinertial and gravitational masses was due t@ariRRbvon
Eo6tvos. It was later considerably improved by RoberDicke and Vladimir B. Braginskii in the grayifield of
the Sun and, more recently, by Eric G. Adelbergle two masses are known to be equal to withif’18 very
precise analysis of the relative motion of the Madth respect to the Earth, using laser reflectefson the
Moon by Apollo 11, 14 and 15 and Linakhod 2, haevah that the gravitational binding energy contrésut
identically to the inertial and gravitational masse
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As a very simple illustration, consider a homogersegravity field directed
alongOzin S Lety be the acceleration (Figure 13). In the free fgllirameS’ defined
by the transformatiorz’=z—1/2t* all masses have a uniform linear movement.
Extending the principle of relativity to this fréalling frame we obtain a number of
interesting results.

Take two points irS A andB, on top of each otheA aboveB at a distancé
from it. Send a photon of enerdgyfrom A to B. In B, the photon has an energy,
which would be equal t& if the gravity field had no action on masslesgiplas. To
evaluate it consider the event in the free fallirme S’ where the gravitational field
vanishes. This system starts at zero velocity ffoamd reaches a velocifyin B, with
t=h being the time it took for the photon to go fréwio B. A photon being massless
has equal energy and momentugxp. At B, the Lorentz transformation rea@s=
coshu E+ sinhu p wheretanhx = yh. To first order inz, E'’=E+E yh, namely the photon
has acquired an additional energyh in the gravity field, corresponding to the usual
mgyh term in classical Newton mechanios, being the rest mass. It is indeé@nd not
mo that matters, it is energy that weighs, not reassh Accordingly, when a star
having a mas# and a radiuRR emits a photon of frequenay this photon is red
shifted when it reaches far distances by an am@antember thaE=#v) Av/iv=AE/E=
yR=GM/R One speaks of a gravitational red $hift the case of the Sun, the radius is
110 times larger than the Earth radius but theitlerss4 times smaller, hengeis 27
times larger, that i8.27 km/% andAv/v=0.27x110x6400/(3 16)*>=2 10°° In the case
of a neutron starlv/v may take values of order unity, in which case fir& order
estimate is no longer valid.

% While my was a scalarE is not: gravity is not a scalar field is the fourth component of a four-vector,
implying that gravity is in fact a tensor field: wéll have to consider the energy-momentum tensatescribe
what gravity couples to in the general case of mungiform gravity field. At the end of the XPxentury, with
the success of Maxwell equations, and even shaftgr special relativity, many tried to describengty as a
vector field but it had to fail. The carrier of gity, the so-called graviton, has accordingly spin

* Gravitational red shift on Earth (20 per meter!) has been measured using the Mosskéfeet by Robert V.
Pound and his colleagues to an accuracy of oneperdsing a hydrogen maser clock in a rocket a8a® km
a|titL(J)4de, Robert F. C. Vessot and collaboratorsehaeasured the gravitational red shift to an acyuoé 2 parts
in 10"
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2.3 Schwarzschild metric

Another way to look at the action of gravity on phts is to consider a makk
isolated in space, a star or a galaxy, and comparalifferent free falling frames: one
has just enough velocity to escape to infinity, ebmts metric is defined by the
normal special relativity metriocjs’=dt>~dl*; the other has less, enough to reach a
distancer from M, at which point its velocity cancels and it falack ontoM. The
timing is such that the first frame coincides wtitle second at the very moment where
the latter has reached its turning point. The vglo¢ of the first frame at this moment
is the escape velocity gtsuch thatl/2\V’=MG/r, that isV=\ (2MG/r) (we assume that
r is large enough fov to be much smaller thanand Newtonian arithmetic to apply).
The metric in the second frame is trivially obtainkeom that in the first frame by
Lorentz transformation: distances are contractadl tanes dilated by a same factor,
1N (1-V#)=1/N(1-2MG/r). Hence the metric in the second frand€=(1-2MG/r)df—
(1-2MG/ry*dr?. It is called the Schwarzschild metric. Introducitig polar angle®
ande, which are unaffected, it reads:

ds’= (1-2MG/r)df—(1-2MG/r)*dr*—r*(sinfddp*+d &?).

A singularity occurs aRschwarzschid2MG, the Schwarzschild radius, where the
escape velocity is equal to the light velocity (ealently, where a body falling from
infinity, originally with zero velocity, has beerc@elerated to the light velocity). It
corresponds to black holes.

The Schwarzschild metric, written here in the cafsa single mass isolated in
space, is in fact valid in a much more general c&ekhoff has shown that
Schwarzschild’s metric holds in empty space surdiug any spherically symmetric
mass distribution, even if this empty space idfismbedded in a larger, spherically
symmetric distribution of matter.

3. Bending of light
3.1 Gravitational delay

Consider light travelling from the surface of thenSto the Earth, namely
ds=d¥=d¢=0. Thendt=dr/(1-2MG/r). The timet taken by the light to reach the Earth
is thereforddr/(1-2MG/r)=Jrdr/(r—-2MG)=[(u+2MG)du/uwhereu=r—2MG.
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Hence t=to+2MGIn{(aearti-2MG)/(Rui-2MG)} where t; is the time in the
absence of gravityaea IS the radius of the Earth orbit afj,,is the Sun radius.
Putting numbers in gives a gravitational delayhef order o650 s, namely 10’ times
the uncorrected timeVhen sending a radar signal from the Earth to $eamd back,
one may compare the extreme situations where Venos the other side or on the
same side as the Earth with respect to the Sumsaliimed up in both cases. Then the
difference in travel time corresponds to two fulhversals near the Sun, namely
4x50=200 us. This has been verified with a precision of the ordkea percent. The
above calculation neglected the delay experiengeithd photons when passing by the
Sun because of their angular deviation. To estimatee setds=dr=d0=0 andf=z/2
in the Schwarzschild metric. Hencédt=rd¢/(1-2MG/r) Putting numbers in, it
corresponds to less than 10% of the gravitatioakydcalculated above.

3.2 Gravitational lensing

The gravitational delay for a far away st

seen near the Sun edge (Figure 14) is twice X dR;

given above for the gravitational delay from tl A

Sun to the Earth, namet=4MGIn(R-2MG)+ .\D‘

terms that do not depend oR. Taking the Jd(At)

derivative, we obtain dt)/dR ~ -4MG/R R

being now the closest distance of approach to

Sun. This measures the angle by which the way Fiaure 14. Gravitation lensinc

front planes are bent when passing near the Sun,

which is also the angle by which the light rays bemt since they are normal to the
wave fronts. It corresponds to nearly 2 secondg@fwhich is a measurable quantity.

The Sun may be thought of as being a weak lens fadhl length equal to its
radius divided by this angle of deflection, namsegme 550 AU. As we saw in the
introduction, such gravitational lensing effecte aeen in many instances; in particular
they may produce so calldtginstein ringson very distant quasars. it is important to
note that the bending of light is independent frtma light frequency and applies
equally not only to visible lights of different ealrs (Figure 15) but also to radio
waves and X-rays.
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Figure 15. Gravitational microlensing in two diféert colors showing the increase of
luminosity of a LMC (Large Magellanic Cloud) starthe background resulting from the
passage in front of it of an obscure object inhlaé of our galaxy.

Rather than calculating the total deviation expergal by light from infinity to
infinity when passing by a massive object, let adculate the form taken by the
differential bending angle at a distancérom the center of the massive object (the
lens).

We start with a photon at a distancdrom the centreO of a spherically
symmetric lens of maskl and radiusR. The Schwarzschild radius of the lens is
R*=2GM. We definel andp from R*=/R andr=pR. We choose thg axis as the line
joining the centre of the lens to the photon. Wi €dhe angle between the light ray
and the line joining the photon to the centre & tbns. From the Schwarzschild
metric, it is clear that the photon stays in ¥y plane which contains the initial ray.
The velocity of light at a distanaefrom the centre of the lens ¥&=1/,* where one
factor is for time dilatation and one for spacetcaction. From Schwarzschild metric
V=1-2GM/r=1-/ p.

Moving from 1 to 2 § infinitesimal),r increases byr=4dsind andV by dV= —
2GM 8(1/r)ar=2GM §sind/r®>. When the photon moves hys in 1, it moves by
ds+d(ds)in 2 withd(ds)=(dV/V)ds Definingds=ds/R,the equal phase plane rotates by
dw=d(ds)B= 2GMsirgds/(VF)=Asinddalpl/(p—7).
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Figure 16. Geometry of light bending (see text).

Moreover, independently from gravitational bending, changes by
do=(ds)simd/r=sinfda/p. Therefore, putting both effects together andrded

= Mp=R*Ir, we obtaindd= sindda/p — Asinddalp/(p—1)

do/da=sind(p—21)/(p[ p—1])=(sin Blp)([1-24/[1—-¢)

This is the equation which we shall be using thraug the present work, using
a computer code to trace rays in small stepiyre0.01. Note thatR is absent from this
equation: the bending is defined by the ratio betwihe distance to the lens centre and
the Schwarzschild radius of the lens. Of courseerwthe photon reaches the lens
surface it is absorbed and cannot travel farther.

~
20,
b
) 4
U PR D d.
Source Lens Observer
< & >

Figure 17. Einstein rings (see te:
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Before leaving the subject, let us demonstrateréh@ion giving the angular
aperture of an Einstein ring, which has been magetioearlier. In the limit of small
deviations and perfect alignment (Figure 170s<=20d <=4GMd 4b and b=6d, —
6%d,ds=4GMd, s andv=2\(GMd, ¢/[d,dJ]).

3.3 Light rays

The fundamental equation of light bending has ®mputer coded in order to
track light rays from a remote source in the vigirof a gravitational lens. The source
has been arbitrarily located 10 lens radii awaynftbe centre of the spherical lens (we
say arbitrarily because the source may in factlmesen anywhere upstream on that
ray). As light rays remain in the plane containthg initial ray and the centre of the
lens, the problem is 2-dimensional. Rays emittedhfthe source at various angtes
from the line joining the source and the centreheflens are displayed in Figures 18
and 19 for various values @f Wheng, is small, the ray lands on the surface of the
lens and is absorbed. Whepexceeds some limit angle;.,i;, the ray is bent by the
lens and escapes it. For a same valug,dbiending increases with The/=0 case (top
left panel of Figure 18) correspondsdg,=arcsin(1/10)=0.1 WhenA increasesgimi
also increases and reaches *-ithe case of a black hole lens={). Attempting a
precise determination af,;; reveals a very fast increase of the global bendinigs
vicinity. This is illustrated in Figure 20 wherecsulight rays are displayed and the
dependence afj,i; on is shown in Figure 21.
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Figure 18. Light rays traced fai=0, 0.1, 0.2, 0.3, 0.4 and 0.5.
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Figure 19. Light rays traced for
7=0.6, 0.7,0.8, 0.9 and 1.



Gravitational Lensing and Einstein Rings Nguyen Thi Dung

lamtxla=n 5 lnmbeda=0.5
T T T

k-
ab
Lk
4
ak
5t sk
i +F
Tk
|
oL i - 2 [] % 4 3 B 10
o 2 ] [ [ i)
1ambda=0.599%
T T
Pi=
3

Figure 20. Three examples of rays in the vicinftyug= aiimit. The values of
are 0.5, 0.6 and 1 respectively.
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Figure 21. Dependence ajfmi; onA.
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We expect rays in the vicinity afp= a;mi to be bent byAMG/R=21 as was
calculated in Section 3.2 in the small bending apipnation. This is indeed what we
find with the simulation (Figure 22) but as sooniasxceeds a few percent, bending
increases much faster than linearly and the ligittmay indeed curl around the source
when approaching the black hole limit.
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Figure 22. Dependence gb on 4 for two different ranges of

2.
4. Einstein rings

4.1 Strategy and useful relations

We now consider the formation of Einstein ringgpmactical situations, namely
for small bending angles at arc minute scale oeloWe restrict the study to spherical
lenses. In such cases, the bending aBglakes the simple forrBR*/b whereb is the
impact parameter, namedyA/b, with b measured in units @&, the lens radius. In the
plane containing the point sour& the centrd. of the lens and the observer we
have (Figure 23) the angle relations

(SAL)=(LAO)=Y—2x)
(SLA)=7—0—(SAL)=r/2-0+a
(OLA)= 7—0—(LAO)= n/2-0+
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(SLA)+(ALO)+(OLP)+w=1
which implies2a—6—0g+ w=0.
In triangle SAL,b/sind=SL/sing/2—a)=SL/cos.
In triangle OAL,b/singg=0L/sin(z/2—a)=0L/cosx.
Defining 6s=R/SL, 66=R/OL, 6o o5+ 50=0S/(SL.OL)

bcosi=sinblo=sinbdeglog and, to first order in the angled=0/cs=6:/oo.
Replacingdg in 20—6—-0+»=0, we findd(1+oolog)=2a+w

Replacingp=A/b= 1646 and definingk=(1+0o/os) = 0do0os

0=2klod6+k w giving the second degree equatiBrkobi—2Kios=0.
Hence,

0.=Yo{kow\Kw*+8kios}

We define<#>=( 0, +0.)/2=Yawk and40=(0,—0.)/2=Ysk\{0*+8o0s).

Figure 23. Einstein ring geometry

This equation gives the two rays connectéip O in the SOL plane. They are
on either side of the lin&L and, if one redefineg=|0|>0, the two solutions are
obviously obtained from each other by simply chagghe sign ot.

Consider now a ray emitted by the source out of3@¢ plane, defined by its
polar angled and its azimutly aroundSL, ¢ being measured from tH&OL plane. In
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the plane containing the ray aBd we have, for the impad#l of the outgoing ray on
the planeD. containingO and normal t&L

M=Dbi+1/o0 W+(6—20)/o0l

with i=(cospu+singv) and the orthonormal reference frarfiev,w) defined withw
alongSLandu in theSOLplane. In this plane, the coordinatesoare{w/oo, 0, 1bc}.
The vector OM has therefore as coordinated.in

&={b +(0—20)/oo}cosp—wloo={ Olost(0—2L046)lo0}cOSp—wl oo
n={b +(6—2a)loc}sing={b+(6—2lc4)loc}Sing
which we rewrite ag=r ycosp—w/oo, n=r ySing, ry==0lost(0—24c46)/oo

We write § as =< 6>+ y46 with 6=0. for y=%1. For perfect alignmeniy=0,
0.=*0y=3K \/{2/1005}. It is convenient to used/k rather thané as variable,
Olk=Ysm+Yo\{w*+8lo0g. Then, ask(llostlloo)=1los and odk=cos ru={(0/k)—
24004 (0/K)Hoo.

0lk= Yo +Yor\{w?*+8c0d
rm ={(0/K)—2o0d(0/K)Hoo
E=rycop—wloo
n=r vSing

(4.1)

There are two scales fo¥k: @ and(loog). It implies also two scales faf,:
wloosand\(Moog).

For perfect alignmenty/k=\{24608 and ry={\N{2io0d—\{21c08/x} 60={ -
1h {24003/ 60 ,which cancels as expected fertl andd/k=+V{2/004, giving

Oe=Ooolos=k\ (24009 00/os= (2460900 and we recover the earlier relation:

02=2). 60 o0s=2 (LA A)I(L/d +1/d, J)=2 4(1/d )/(dJ[d  d.)=2 Ad, &/(d dg).
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The solution of Equations 1 depends on the prodgt and not om andoos
separatelyLensing a remote quasar by a galaxyl0®, 6os~10) or a nearby star by a
foreground stellar black holé~1, sos~10% gives the same ring.

Fory =0, ry=(Y2w—4oodw)loo=Y2(w*~8lo09)/ (oow).

For a source at infinityzs=0, k=0, =0, 0/k=Y2w+Y2y\{w*+8s0}
rm=(0/IK)loo —24/(OIK).

For a lens at equal distances from the sourcelrendliserver:

o500, k=112, 6= Yaw+Yay{w’+8)00g, ru=20lc—210l6.

For a ray to be seen by the observer, two conditronst be satisfied: it must
avoid the lens and it must Hdw within the angular resolutiofiof the detector. The
first condition read$>gssand the secondf+ < Zloo’.

We can now draw the appearance of a ring ddce, S,A,  and{ are given:
one simply generates rays emitted fr8mat angle €,0) and checks whether they obey
the above conditions. If they do, one plots a pofrgolar coordinate@e=0oc/os,p) in
the (u,v)plane. The generation of,f) is made withy uniformly distributed betweed
and2z andé” uniformly distributed in an intervahosen to comfortably bracket

[6.,6].

For =0, the resolution condition readg—w/oo<{loo, Nnamely(6/k)—2lood (6/K)
<{tw, while for ¢=7/2 it readsry<{loo, namely (0/K)-24ood(0/k)<{. The latter
conditon may be rewritten as (O/k)’—<(0/k)-2lo0<0. The roots are
(0/K),=Y{ (=N (P+81009}, and the condition ig/k)_<(A/k)<(OIK),

N (F+8A009< wt y{w*+8oog< (+V(P+81609

Setting w=0, we find y<{{+V(*+8o09} V(81509 and for (<<(8loo9),
2<0N(8lood+ V(1 +FI8hoog<1+ (N (8La09).

As in that casé/k=yV(21009), the relative ring width i&2k76.

Similarly, settingy=1, we find w+V{w*+8loogd< (+\(*+8l009, namelyw<(.
For =0, one has instead<{+w, which is always satisfied. In tHeOL plane, one
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keeps seeing images for large valuesofhile out of the plane the image disappears
as soon as the resolution is exceeded.

4.2 Results

We now apply the above considerations to the lgneina remote quasar by a
foreground elliptical galaxy, which we take as gpi®. The quasar is taken as
pointlike. Assuming a mass @D*? solar masses for the lens, its Schwarzschild sadiu
is ~3 10%km=10 Is=3 10" ly. We take its radius equal ®1C ly, meaningi=10"".
Taking LS=1C ly andOL=10% ly, 60=3 10, 65=3 10°°, 6os=3.3 10° andk=1/11 As
Equations 4.1 allow for using any common unit ok and4, we choose to express
them in microradians (ppm). We recall tHaarcsec~ 5 ppmWe take{=0.2 ppm In
ppm, we have therefoi@=30, 0s=3, {(=4=100. The result is displayed in Figures 24
to 28 for increasing values @f. The angular coordinates of the rirgcosy and
OeSing are normalized to the size of the ring obtainethacase of perfect alignment,
0==V(2Mo0900 ~75 ppm ~ 15 arcseds w increases, the ring quickly splits in two
parts. The part on the side opposite to the sdad®s away and disappears completely
for o= 166 ppm(last panel of Figure 28) while the part on tharse side tends to the
non-lensed image of the source.

The focussing properties of gravitational lensingsuit in an important
amplification of the light collected near perfetigament as illustrated in Figure 29.
They are essential in the application to microleggiFigure 10) and are achromatic:
the same curve is obtained when using differetar§il(Figure 15) and, more generally,
radio waves are deflected the same way as visdiig IX-rays ory-rays.

36



Nguyen Thi Dung

Gravitational Lensing and Einstein Rings

X

Figure 24. Rings obtained for

5and 7.5 ppm.
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Figure 25. Rings obtained fay

10, 15 and 20 ppm.
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Figure 26. Rings obtained fay

20, 30 and 50 ppm.

39



Nguyen Thi Dung

Gravitational Lensing and Einstein Rings

2.5

15

0.5

-0.5

-1.5

2.5

15

0.5

-0.5

-1.5

2.5

15

0.5

-0.5

-1.5

X
Figure 27. Rings obtained fey=70, 100 and 120 ppm.
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Figure 28. Rings obtained fes=140, 160 and 165 ppm.
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Figure 29. Focussing curve showing the dependehtigeo
collected light onw.
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5. Conclusion

We have presented a short review of gravitatiomasihg and the formation of
Einstein rings with the aim of describing the mdmatures implied by such
phenomena. After a short description of the occuweeof gravitational lensing in
astrophysics, including a brief presentation obrsty, weak and micro-lensing, the
basic underlying physics, special and general ivithgt have been introduced.
Simulation codes have been written in order tositiate the behaviour of light in a
gravitational field. A first code has made it pbésito trace rays in the vicinity of a
massive lens, with particular emphasis on the mérdending that occurs in the
vicinity of a black hole. A second code has beesdus illustrate the formation of an
Einstein ring and its disappearance as the alighnogteriorates. The light
amplification that occurs in the case of perferahent has been demonstrated.

In practical cases, the non-spherical form of thes] and to a lesser extent
possibly of the source, result in strongly distdntegs, which may take shapes as seen
in the Einstein Cross or other similar images. $heulation becomes in such cases
much more complicated, each ray must be followedalts path across the complex
gravitational field, but this complication is pwdkchnical and of little interest from a
physics point of view. For this reason, we restdcthe present study to the case of
spherical lenses and point like sources, whichlaysfhe main features of gravitational
lensing in a most transparent way
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